Let G be a reductive p-adic group, K a good maximal compact subgroup, Kx C K any open subgroup, and n an admissible representation of G of finite type. In A submersion principle and its applications, HarishChandra proves the theorem that fK7t(kgk~l)dk is a finite-rank operator for g in the regular set G' in order to show that the character &n(g) is a locally constant class function on G' . From this, the authors derive the formula 6(l)GAg)=d(7t)fG/zfK6(xkgk-lx-l)dkdx {g e G") for any K-finite matrix coefficient 8 of a discrete series representation n with formal degree d(n). They use another technical result of the paper to prove that invariant integrals of Schwartz space functions converge absolutely. None of these results depends upon a characteristic zero assumption.
Introduction
Let F be a commutative p-field, G the group of F-points of a connected reductive F-group G, and G' the set of regular (semisimple) points of G.
There is a well-known integral formula, proved originally by Harish-Chandra [4, pp. 60, 94] and rederived and used by Kutzko [6] (cf. also [7, Theorems 1.7 and 1.9]), which allows one in principle to compute the values of the character of a supercuspidal representation of G on ff, either by integrating a matrix coefficient of the representation or the character of a TC-type which induces the representation. One purpose of this paper is to point out that this integral formula is actually valid for any discrete series representation of G and, in this context, to give a new and simple proof of the integral formula based on Harish-Chandra's elegant paper [3] .
In order not to obtain an unnecessarily restrictive special case of the integral formula for discrete series, the authors found it necessary to sharpen the statement of [3, Theorem 2] . The restatement appears here in §2 as Theorem 1; the modification to Harish-Chandra's argument is given in §4. Theorem 2 of §2 presents the integral formula for the character of a discrete series representation; the derivation of this formula from Theorem 1 is also given in §2.
Although he does not present the details, Harish-Chandra mentions that [3, Theorem 3] can be used to give a characteristic-free proof of the absolute convergence of invariant integrals for Schwartz space functions. In §3, Theorem 4, we use [3, Theorem 4 ] to prove this absolute convergence. Our proof, while reminiscent of the argument presented in [9, p. 244] for real reductive Lie groups, simplifies Wallach's approach through the use of the "numerical function" of Geometric Invariant Theory from Kempf [5] and Mumford. In Corollary 5 we use Theorem 4 to express the discrete series characters on elliptic Cartan subgroups as invariant integrals of their matrix coefficients. It is interesting that the integral formula from Theorem 2 has support on all Cartan subgroups, whereas the invariant integrals vanish on the Cartan subgroups which are not elliptic.
Related work also appears in Clozel [1] .
The integral
formula for the character of a discrete series representation
We use the notational conventions of [2, 3, 8] . In particular, for X an Fgroup, we write X to denote its corresponding group of F-points.
Let Z denote the split component of G. Let is the (distributional) character of n. Harish-Chandra has proved in [3] that if V is a module of finite type under CC°°(C7), then there is a locally constant function &n(g) defined for all g £ G' such that
for all / £ C^°(G) with support in G'. His proof depends upon the following assertion, proved in [3] only for the case Kx = K: Theorem 1 (Harish-Chandra). Assume that n is an admissible representation of G in a complex vector space V and that V is a left Cc°° (G)-module of finite type under n . Then g~ f n(kgk~x)dk (g£G') Jk, is a locally constant function with range in the space of finite rank operators on V.
As we shall need Theorem 1 for arbitrary Kx , we shall indicate the modification in Harish-Chandra's argument needed to prove the more general version in §4.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use For the remainder of §2 assume Theorem 1, as stated. Let it now be an irreducible, admissible discrete series representation which is unitary on the pre-Hilbert space V. Write (u, v) for the inner product of u, v £ V. Let s/(n) denote the vector space spanned by functions of the form
With respect to the fixed Haar measure dx on G/Z the formal degree d(n) of 7i is defined such that
Remark. Since JG,ZxK \6(xkgk~xx~x)\dx x dk does not exist, in general, it is not possible to use the right invariance of the Haar measure dx to absorb the integration over Kx into the integration over G/Z. Indeed, without the integration over Kx, the integrand would be constant on cosets of the centralizer of g; the centralizer of g not being compact (when g is not an elliptic element), the integral would diverge trivially.
Proof. Since the operator Tg= f n(kgk~x)dk Jk, has finite rank, there exists an open normal subgroup K c Kx such that n(kx)Tgn(k2) = Tg for all kx,k2 £ K. Let V2 denote the subspace consisting of all K-fixed vectors in V. By the choice of K we may assume dim(r/2) > 0. Choose an orthonormal basis {ef} for V such that ex, ... , eN is an orthonormal basis for V2. Without loss of generality we assume that 8(g) = (n(g)u, v) for some
AT zZ (Tze'' el) (n(x)eJ' v) con)(n(x)ei, u).
Since, for the discrete series representation n ,
JG/Z and since we can interchange JG/Z and the finite summation ^f ■ , , we obtain
This concludes the proof of Theorem 2.
ON THE INVARIANT INTEGRALS OF SCHWARTZ FUNCTIONS
In this section we use [3] to construct a proof of the convergence of invariant integrals for Schwartz functions. This implies the first sentence of the theorem. The rest comes directly from [3, Theorem 3] and the fact that CC(G//K0) is dense in W(G//K0).
As a corollary to the last result, note that if F is elliptic (so Ar = Z), the integral in Theorem 2 is absolutely convergent, since 9 is a matrix entry of a discrete series representation, so lies in W(G). Thus we can reverse the order of integration and absorb the integration over K into the Haar invariance of dx . Moreover, since 6 is a cusp form, we obtain where E~ is the identity element in the convolution algebra C£°(G//K). Assuming that K c Kx and using the fact that Tg commutes with 7t(7vi), we conclude that, since niiEK)Tg = Tgn(E~) = Tg, Tg is of finite rank. (Harish-Chandra also shows that (g, x) i-> fat,g(x) lies in C°°(G' x G) and is compactly supported in x. This implies that Tgj is locally constant in g .)
